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UNWRAPPED CONTINUATION INVARIANCE IN
LAGRANGIAN FLOER THEORY: ENERGY AND C0 ESTIMATES
YONG-GEUN OH
Abstract. We consider pairs of Lagrangian submanifolds (L0, L), (L1, L) be-
longing to the class of Lagrangian submanifolds with conic ends on Weinstein
manifolds. The main purpose of the present paper is to define a canonical chain
map hL : CF (L0, L) → CF (L1, L) of Lagrangian Floer complex inducing an
isomorphism in homology, under the Hamiltonian isotopy L = {Ls}0≤s≤1 gen-
erated by conic Hamiltonian functions such that the intersections L ∩ Ls do
not escape to infinity. The main ingredients of the proof is an a priori bound
for general isotopy of the energy quadratic at infinity and a C0-bound for
the C1-small isotopy L = {Ls}, for the associated pseudo-holomorphic map
equations with moving Lagrangian boundary induced by a conic Hamiltonian
isotopy. For the Lagrangian submanifolds with asymptotically conic ends, we
construct a natural homomorphism hL : HF (L0, L) → HF (L1, L) for which
the corresponding chain map may not necessarily exist.
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1. Introduction
Floer [F1] invented the Floer homology HF (L0, L1) of the pair (L0, L1) of com-
pact Lagrangian submanifolds with suitable topological restrictions on compact
symplectic manifolds (M,ω) (or more generally on M with bounded geometry).
He defined this by considering the (generalized) Cauchy-Riemann equation{
∂u
∂τ
+ J ∂u
∂t
= 0
u(τ, 0) ∈ L0, u(τ, 1) ∈ L1
(1.1)
for a map u : R × [0, 1] → M and a one-parameter family of almost complex
structures J = {Jt}0≤t≤1.
One crucial property of HF (L0, L1) for applications to the problems in sym-
plectic topology is the invariance property under the Hamiltonian deformations of
the pair. Floer’s original proof [F1] considers the case where L1 = φ
1
H(L0) and
π1(P,L0) = {e} where φ1H : M → P is the time-one map of the Hamiltonian flow
of the function H : [0, t] ×M → R, and involves some combinatorial study of the
changes occurring to the boundary operators when a (generic) degenerate intersec-
tion occurs between the pairs during the deformations. But this construction is not
canonical.
Motivated by the approach taken in [F2] for Hamiltonian diffeomorphisms and
by the consideration of ‘moving’ Lagrangian boundary in [H1], the present author
[Oh2] used a variant of (1.1){
∂u
∂τ
+ J ∂u
∂t
= 0
u(τ, 0) ∈ L, u(τ, 1) ∈ Lχ(τ)
(1.2)
to construct a canonical chain map where χ : R→ [0, 1] is a monotonically increas-
ing function with χ(−∞) = 0 and χ(+∞) = 1, i.e., a pseudo-holomorphic equation
with ‘moving’ Lagrangian boundary condition.
This approach works as long as the pair (L0, L1) is compact on geometrically
bounded M . One of the crucial ingredients to work with the moduli spaces of
solutions of (1.1) and of (1.2) on non-compact M is the a priori energy bound and
the C0 bound of the solutions u. It turns out that for the pair (L0, L1) which are
conic on Weinstein manifold M , i.e., of the type [1,∞) × R ⊂ R × Q at the end
with R a Legendrian submanifold in a contact manifold Q a simple application of
the strong maximum principle (and the maximum principle) enables one to prove
this C0-bound for (1.1). (See [EHS] for the first such application, and [Oh4], [Se1]
later for such applications.) When one has an energy bound, the monotonicity type
argument [Si] can also be used to prove the C0 bound. (See [NZ, N].)
However the author later observed [KO2, Oh6] that application of (strong) max-
imum principle for the equation (1.2) fails to hold in general but works only for
the isotopy of Lagrangian submanifold (L0,s, L1,s) in some monotone direction. In
[Oh4], a spectral invariant ρ(H ;S) was assigned to a submanifold S ⊂ N by con-
sidering the Floer homology HF (ν∗S, oN ;H) and the author just stated that the
invariant is continuous under the C1-topology of submanifolds. However to prove
this continuity, the author should have studied how the filtration of the Floer chain
complex behaves under the chain map
hαβ : HF (ν
∗Sα, oN ;H)→ HF (ν∗Sβ, oN ;H)
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and especially should have examined existence of the chain map under the Hamil-
tonian isotopy. However he presumed such a chain map exists based on his ex-
perience with the compact case in [Oh4] but later noticed that this presumption
is ill-founded because the analysis to construct the chain map for noncompact La-
grangian submanifolds such as ν∗S requires the energy and the C0-bounds which do
not easily follow unlike the compact case. Since he could not prove this C0-bound
in the framework of [Oh2], the author outlined a different scheme in [Oh6] of con-
structing a natural chain map by considering a suspension cobordism of the isotopy
{Ls} on the suspension T ∗R ×M of M and applying the geometric constructions
developed in [KO1, KO2]. Although the author has little doubt that this approach
can be completed as explained therein, the details have not been carried out yet.
Recently there have been many literature studying the Floer theory of noncompact
Lagrangian submanifolds in relation to the mirror symmetry. (See [HIV], [NZ], [N],
[Se2], [FSS1, FSS2] and etc.) This continuation invariance is an important ingre-
dient especially in relation to the application to problems of symplectic topology.
However its proof in the literature is somewhat murky in details, at least to the
present author.
The main purpose of the present paper is to rectify the status of this matter
by providing a more conventional construction of the chain map under the isotopy
L = {Ls} of exact Lagrangian submanifolds with conic ends whose definition we
will make precise later in section 2. We will do this by establishing the required
a priori energy bound of the solutions of (1.2) for general conic Hamiltonian iso-
topies of such Lagrangian submanifolds in general Weinstein manifold, but the C0
bound only for a C1-small isotopy, which will be enough to construct the adiabatic
chain map as in [MO]. A similar statement was proven in the cotangent bundle in
[AbbSc] for the case of superlinear growth: but the energy bound in this general
context of Weinstein manifolds outside the cotangent bundle seems to hold only
for the Hamiltonian isotopy of conic Hamiltonian but not for the Hamiltonians
with superlinear growth, unless the Hamiltonian satisfies various restrictions on its
growth or on the sign behavior. Our energy bound enables us to apply the bubbling
and compactness argument to obtain the required C0-estimates for a C1-small iso-
topy. (See [AbbSc] for a study of the energy estimates and C0-estimates for the
chain map on the cotangent bundle. Their proof of C0-estimates does not seem to
generalize to the current context.)
The class of smooth conic Lagrangian submanifolds includes all conormals of
submanifolds, more generally, (smoothed) conormals of standard pairs treated in
[KO1, KO2] or the (smoothed) micro-supports of constructible functions [KS]. The
class of asymptotically conic ones includes the standard (or costandard) Lagrangians
of the cotangent bundle [NZ, N] and the Lagrangian thimbles [HIV, Se2, FSS1] and
their deformations generated by conic Hamiltonians.
The main objective of this paper is to give a complete proof of the following
theorem. This theorem was stated in [Oh6] but its proof was only outlined by a
different method therein.
Theorem 1.1. Let M be a Weinstein manifold and assume (L0, L), (L1, L) are
transverse pairs of either compact or conic exact Lagrangian submanifolds or their
mixture. Suppose that L = {Ls} is a Hamiltonian isotopy generated by a Hamilton-
ian function of conic type and that the set
⋃
s∈[0,1] Ls ∩ L is compact. Then there
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exists a natural chain map
hL : CF (L0, L)→ CF (L1, L)
which induces an isomorphism in homology.
The main theorem boils down to proving an a priori energy bound and a C0-
bound for the solutions (1.2).
After we take care of the conic case, we consider asymptotically conic ones. See
section 2 for the precise definition of Lagrangian submanifolds with asymptotically
conic ends. Once we have made this definition precise, we can provide a canonical
procedure of approximating an asymptotically conic Lagrangian submanifolds by
conic ones, we can define the natural isomorphism
hL : HF (L0, L)→ HF (L1, L); L = {Ls}s∈[0,1]
as the inverse limit of the homomorphisms
hLR : HF (L0,R, LR)→ HF (L1,R, LR)
of the approximations (L0,R, LR), (L(1,R), LR) as R → ∞. We denote this limit
homomorphism by hL.
Theorem 1.2. Let M be a Weinstein manifold and assume (L0, L), (L0, L1) be as
in Theorem 1.1 except that the hypothesis of being conic replaced by being asymp-
totically conic. Suppose L = {Ls} is a Hamiltonian isotopy generated by a conic
Hamiltonian function and the intersection ∪s∈[0,1]Ls ∩ L is compact. Then there
exists a natural isomorphism
hL : HF (L0, L)→ HF (L1, L).
We would like to point out that we do not know whether there exists a relevant
chain map CF (L0, L)→ CF (L1, L) that induces this isomorphism. This somewhat
resembles the situation in [KO1, KO2] in relation to constructing a Floer Fary
functor associated to a (compact) exact Lagrangian submanifold in the cotangent
bundle.
Question 1.3. Does there exist a chain map
hL : CF (L0, L)→ CF (L1, L)
that induces the above mentioned homomorphism HF (L0, L)→ HF (L1, L)?
It is the author’s impression that resolving this question is an important one
because many literature do not seem to examine this issue carefully when they
treat the Floer homology of asymptotically conic Lagrangian submanifolds such
as standard Lagrangians [NZ, N] or Lagrangian thimbles [HIV, Se2, FSS1]. We
begin to suspect that the answer to this question is negative in general. If this is
indeed so, one may have to pay some caution in the chain level Floer theory of
asymptotically conic Lagrangian submanifolds used in the literature.
Organization of the contents of the paper is now in order. After a brief review of
some standard background materials concerning Weinstein manifolds and construc-
tion of chain maps in Floer theory for the compact Lagrangian submanifolds from
[Oh2], section 3-7 treat the case of pairs (L,L0) of conic Lagrangian submanifolds.
Section 4 proves an energy bound which depends on the conic threshold RL of
the isotopy L. One novelty of our proof of the energy bound (for the chain map)
is our usage of the energy induced by the symplectic form that has the ‘quadratic
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growth’ at infinity, not the ‘linear growth’ arising from the symplectization. While
this bound certainly implies the energy bound arising from the latter, we have not
been able to directly prove the latter bound using the metric associated to the
symplectic form on the symplectization. (See Remark 4.4 for the reason why.)
Section 5 proves a pointwise derivative bound. Our proof of the pointwise deriv-
ative bound uses a proof by contradiction which exploits the convexity at infinity of
the triple (M,ω, J) and the special geometry of (asymptotically) conic Lagrangian
submanifolds on Weinstein manifolds. Here it is important to use the Courant-
Lebesgue lemma together with the monotonicity formula as used in [Oh1].
Section 6 considers the C0-estimates for the case where the Hamiltonian isotopy
is sufficiently small. Under this C1-smallness of the isotopy, we obtain a uniform
C0-bound by using the energy bound and applying the maximum principle and
the monotonicity formula. While the C0-bound itself does not depend on the conic
threshold, the above mentioned C1-smallness depends on it, which is the reason why
we cannot construct a chain map for the asymptotically conic pairs.
Section 7 then concludes construction of the chain map for the conic Lagrangian
pairs by partitioning the given Hamiltonian isotopy into small ones for which the
above bounds, especially the C0 bound, can be applied.
Finally section 8 explains how we can take care of the asymptotically conic pairs.
Here we prove a Darboux-type theorem on the asymptotic Lagrangian submanifolds
in a neighborhood of a conic Lagrangian submanifold, and construct an explicit fam-
ily of approximations thereof by the conic Lagrangian submanifolds. Then we take
the inverse limit of the continuation homomorphisms in HF for the approximations
and obtain the continuation homomorphism for the given asymptotic conic pairs.
In the last section of this paper, we will explain how one can extend the similar
energy and C0 bounds to the cases of general non-exact Lagrangian submanifolds
of conic type on non-compact symplectic manifolds with conic ends, after taking
into account of the bubbling phenomena. This kind of study will be necessary
for studying the invariance property of invariants extracted from the ‘unwrapped’
Fukaya type category generated by such non-compact Lagrangian submanifolds.
Here we use the term ‘unwrapped’ to contrast the type of end behavior considered
in this paper to those ‘wrapped’ version considered in [AbbSc], [AboSe], where
a super linear growth condition of the Hamiltonian functions is imposed. The
same kind of C0-estimate is used in the author’s proof of Weinstein’s conjecture on
symplectically fillable contact manifolds [Oh8].
We would like to thank Rezazadegan for asking a question on this continuation
invariance which has motivated us to write out a complete proof thereof. We also
thank Abbondandolo for several useful e-mail communications in which he kindly
explained details of the C0-estimates presented for the case of cotangent bundle in
[AbbSc].
2. Weinstein manifolds and Lagrangian submanifolds of conic type
In this section, we recall from [EG] that a symplectic manifold (M,ω) is called
convex at infinity if it carries a vector field X which is complete symplectically
dilating at infinity: A vector field X is complete symplectically dilating if the flow
{φt} of X is complete and satisfies (φt)∗ω = etω. We assume that (M,ω) allows an
exhausting pluri-subharmonic function at infinity. Following [EG], we call such a
manifold Weinstein (at infinity).
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We choose ϕ an exhausting pluri-subharmonic function with respect to a tame
almost complex structure J . We also assume that J is invariant under the flow of
X outside a compact set. Then the level set ϕ−1(S) for sufficiently large S carries
the induced contact structure (in fact a CR-structure) on it, and the flow map
φ : (0,∞)× ϕ−1(S)→M ∩ ϕ−1([S,∞)); (s, y) 7→ φs(y)
defines a diffeomorphism. In this coordinates, we have ϕ = s and φs is nothing
but the translation maps φs(S, y) = (S + s, y). With this said, the definition of
a Weinstein manifold can be given in terms of this contact manifold Q = ϕ−1(S)
which is now in order.
We choose a contact form λ of Q so that
(1) ω|Q = dλ for some one-form λ and ξ = kerλ
(2) the orientation of Q defined by λ ∧ (dλ)n−1 coincides with the boundary
orientation of Q = ∂W .
When this latter condition holds, the contact manifold (Q, ξ) is called strongly
symplectically fillable.
By the symplectic neighborhood theorem, one can choose a function r in a collar
neighborhood Uδ of ∂W = Q in W such that
Uδ ∼= (1− δ, 1]×Q
ω = d(rπ∗λ) on Uδ (2.1)
for the projection π :M≥R → Q. We then consider the cylinder (1− δ,∞)×Q and
form the union
Ŵ =W#(1− δ,∞)×Q (2.2)
along the strip (1 − δ, 1] × Q ∼= Uδ. The symplectic form ω naturally extends to
Ŵ :=M by gluing it with d(rπ∗λ) on (1− δ,∞)×Q. We denote the corresponding
symplectic from by
ω̂ = ω#d(rπ∗λ).
By definition, every Weinstein manifold has this decomposition by identifying ϕ =
log r, or equivalently r = eϕ in terms of the identification M≥R ∼= [0,∞) ×
ϕ−1(lnR). In terms of the chosen contact form λ on Q and the projection π :
M≥R → Q, the symplectic form ω has the expression
ω = d(rπ∗λ) = d(es ∧ π∗λ), s = ϕ.
On Q, the Reeb vector field Xλ associated to the contact form λ is the unique
vector field satisfying
X⌋λ = 1, X⌋dλ = 0. (2.3)
Therefore the tangent bundle TQ has the splitting TQ = span{Xλ}⊕ξ. We denote
by
πλ : TQ→ ξ
the corresponding projection.
We call (s, y) the cylindrical coordinates and (r, y) the cone coordinates. In the
case of M = Cn \ {0} ∼= (0,∞)× S2n−1, (√r, y) with y ∈ S2n−1 is nothing but the
standard polar coordinates of Cn \ {0}. On the other hand if we write
T ∗N \ {0} ∼= S1(T ∗N)× R+
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then r = |p| for the canonical coordinates (q, p) of T ∗N \ {0} ⊂ T ∗N . On the
cylinder [0,∞)×Q ⊂ (−∞,∞)×Q, we have the natural splitting
TM ∼= R · ∂
∂r
⊕ TQ ∼= span
{
Xλ,
∂
∂s
}
⊕ ξ ∼= R2 ⊕ ξ.
We denote by X˜λ the unique vector field on M which is invariant under the trans-
lation, tangent to the level sets of r and projected to Xλ. When there is no danger
of confusion, we will sometimes just denote it by Xλ.
Now we describe a special family of almost complex structure adapted to the
given cylindrical structure of M .
Definition 2.1. An almost complex structure J on (M,ω) is called λ-contact type
if it is split into
J = j ⊕ Jξ : TM ∼= R2 ⊕ ξ → TM ∼= R2 ⊕ ξ
where J |ξ is compatible to dλ|ξ and j : R2 → R2 maps ∂∂s to Xλ.
We denote by gQ the metric on Q compatible to the contact form λ and the
endomorphism Jξ defined by
gQ(h, k) = g(λ,Jξ) := λ(h)λ(k) + dλ(h, Jξk).
We will also need to consider the associated cylindrical metric on (1,∞) × Q is
given by
gcl = ds2 + gQ.
For our purpose, we will need to consider a family of symplectic forms to which the
given J is compatible and their associated metrics.
We consider a positive smooth function ψ : (0,∞)→ R+ that satisfies
ψ(r) =
{
r for 0 < r ≤ 1
r2 for r ≥ 3 (2.4)
and ψ satisfies r ≤ ψ(r) ≤ r2 and ψ′′(r), ψ′(r) > 0 for 1 ≤ r ≤ 3, and define the
two from
ωψ := d(ψ(r)π
∗λ).
For any λ-contact J , the J-compatible metric associated to ωψ is expressed as
g(ψ,J) =
ψ′(r)
r
dr2 + rψ′(r)λ ⊗ λ+ ψ(r)gQ(πλ(·), πλ(·)). (2.5)
In particular we have the formula for the metric g(ω,J) compatible to ω
g(ω,J) =
1
r
(dr2 + r2gQ). (2.6)
We denote glin,J and gquad,J to be g(ψ,J) with ψ replaced by r or r
2, respectively.
Then we have
g(ω,J) ≤ g(ψ,J).
We will use both gcl and g(ψ,J) in a suitable way for our purpose. The following
obvious fact is one reason why we use the ‘quadratic’ metric
Lemma 2.2. Consider the metric g(ψ,J). Then we have
|dr|g(ψ,J) = 1
on [3,∞)×Q.
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Definition 2.3. We call H :M → R is of conic type (at the end)) if it is homoge-
neous of order 1, i.e., if it satisfies
m∗γdH = γdH
on [R0,∞)×Q for some R0 where mγ is the multiplication map r 7→ γr.
In the cylindrical coordinates it satisfies
τ∗s0dH = e
s0dH
where τs0 is the translation s 7→ s + s0 . We would like to compare this choice of
conic Hamiltonians to the superlinear ones used in the wrapped version of Floer
theory studied in [AbbSc], [AboSe] and others:
Definition 2.4. A function H :M → R is called of contact type (at the end), if it
has the form
H = h(eS), S(s, y) = s− f(y)
at the end M≥R = ϕ−1([S,∞)) with R = eS for a positive smooth function h :
R+ → R+ with h′ ≥ 0 and a function f : Q→ R.
In this context, they also put a condition corresponding to
lim
r→∞
(rh′(r) − h(r)) =∞
which is responsible for the term ‘wrapped’. (See [V] for the first usage of such
conditions in relation to the Floer theory.)
Examples of Weinstein manifolds include cotangent bundles of compact mani-
folds. A typical Hamiltonian of conic type is given as follows: consider an isotopy
{Ss}0≤s≤1 of submanifolds Ss ⊂ N . Consider the corresponding deformation of
the conormal bundles
{ν∗Ss}0≤s≤1 ⊂ T ∗N.
This deformation is realized by the s-dependent Hamiltonian
H(s, q, p) = 〈p,Xs(q)〉 (2.7)
where Xs is the vector field realizing the isotopy {Ss} i.e. Xs = dds
∣∣Ss. Certainly,
this family of Hamiltonians is neither compactly supported nor of contact type
in the sense of Definition 2.4 nor satisfies any sign condition. This is one of the
author’s motivation to carefully examine the question of continuation invariance of
Floer homology HF (ν∗S, oN ) under the isotopy of submanifold S ⊂ N .
Next we introduce the notion of Lagrangian submanifolds with conic (respec-
tively, asymptotically conic) end. We will just simply call such Lagrangian sub-
manifolds conic (respectively, asymptotically conic) Lagrangian submanifolds.
Definition 2.5. A Lagrangian submanifold L is said to have conic end, if there
exists some R0 > 0 such that L ∩M≥R0 is invariant under the dilatation, or more
precisely if it holds
mγ(L ∩M≥R0) ⊂ L ∩M≥R0
for all γ ≥ 1. We call the minimum value of such R0 the conic threshold of L and
denote it by RL.
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The following proposition will be important later for our derivation of the energy
bound, which explains why the ‘conic’ condition for L is important. We emphasize
that this proposition does not hold even for ‘asymptotically conic’ Lagrangian sub-
manifolds, which is the reason why we have not been able to treat the latter class
of Lagrangian submanifolds as much as the conic ones.
Proposition 2.6. Let L be a Lagrangian submanifold with respect to ω̂ = dα,
α = rπ∗λ that has conic end of its conic threshold RL. Consider a function ψ
satisfying (2.4). Suppose in addition that ψ(r) ≡ r for 1 ≤ r ≤ RL. Then L is also
Lagrangian with respect to the symplectic form ωψ, and if i
∗
L(α) = df on L, then
we also have i∗L(αψ) = df with αψ = ψ(r)π
∗λ.
Proof. Since L is conic on M≥RL , it follows
L ∩ [RL,∞)×Q = N × [RL,∞)
for some Legendrian submanifold N ⊂ (Q, ξ). Therefore we have
i∗L(rπ
∗λ) = r ◦ iL (π ◦ iL)∗λ = r ◦ iL i∗Nλ ≡ 0.
on M≥RL . Similar computation proves i∗L(ψ(r)π
∗λ) = 0 thereon. The second
statement follows since df = 0 on L∩M≥RL and ψ(r)π∗λ = rπ∗λ on L∩M≤RL . 
It takes some preparation to provide a rigorous definition of asymptotically conic
end. Intuitively, we say L has asymptotically conic end if
lim
γ→∞
m−1γ (L ∩M>γR0) = (R0,∞)×N∞ (2.8)
for some R0. We call N
∞ ⊂ Q the asymptotic boundary of L and denote it by
∂∞L = L
∞. To give the rigorous definition, we need to make the topology of con-
vergence in (2.9) more precise. Denote L∩r−1(R) = {R}×L(R) in the identification
of MR = {R} ×Q i.e.,
L(R) = π(L ∩ r−1(R)) ⊂ Q
and consider the Ck-distance distCk(L(R), N) for a given compact (n−1)-dimensional
submanifold N ⊂ Q.
Definition 2.7. For a given R0, we denote
lim
γ→∞
m−1γ (L ∩M≥γR0) = [R0,∞)×N (2.9)
if distC0(L(R), N)→ 0 uniformly over R ∈ [R0,∞). We call N ⊂ Q the asymptotic
boundary of L and denote it by ∂∞L = N . We say L has C
k-asymptotically conic
end if distCk(L(R), N)→ 0 uniformly over R ∈ [R0,∞).
The following lemma is easy to prove.
Lemma 2.8. If a Lagrangian submanifold L has C1-asymptotically conic end, then
the asymptotic boundary ∂∞L is Legendrian.
This gives rise to the following natural question of C0-symplectic geometry.
Question 2.9. Suppose that a Lagrangian submanifold L has C0-asymptotically
conic end and that the asymptotic boundary ∂∞L is C
1-submanifold of Q. Will
∂∞L be Legendrian?
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We would like to alert readers that the intersection L∩ r−1(R0) is isotropic but
not Legendrian on {R0} ×Q unless L is conic.
The following C0-estimate for the Floer boundary operator can be easily proven
by a version of strong maximum principle (See [EHS] for the details).
Lemma 2.10. Let (M,ω) be as above and consider Lagrangian submanifolds L, L0.
Let j = {Jt}0≤t≤1 be a family of almost complex structures such that Jt = J outside
a compact set. Suppose that L0∩L1 are compact and Li’s are transverse to the level
set r−1(R0) for R0 ≥ 1 and assume that the intersections of them with r−1(R0) are
Legendrian in the level set r−1(R0) with respect to the induced contact structure.
Then the maximum r ◦u cannot be achieved at any point (τ, t) with r(u(τ, t)) = R0
for any solutions u of (1.1).
But the strong maximum principle (nor the monotonicity formula) cannot be
applied to (1.2) for the continuity equation in general. It applies in some monotone
direction of the isotopy L = {Ls}. (See [KO2], [Se1] for such remarks.)
Remark 2.11. We would like to take this chance to point out that there is an
error in the statement of Theorem 2.1 [Oh6] in that the hypothesis
• Li’s are transverse to the level sets of ψ at infinity
should be replaced by
• Li’s are conic at infinity.
Strong maximum principle applies only under the latter assumption, but not under
the former. While one can apply the monotonicity argument instead to prove the
energy or the C0 bound for the boundary map as illustrated by [Si, NZ] (in the
cotangent bundle case), this does not seem to apply to the case of the chain map
which involves a moving boundary. In relation to this, it appears to the author
that the proof of continuation invariance presented in [NZ, N], especially the one
presented in the appendix of [N], is not satisfactory.
3. Action functional, Hamiltonian isotopies and Floer chain maps
From now on, when we say L is Lagrangian, it will always mean to be with
respect to the symplectic form ω̂ = ω#d(rπ∗λ) for a given contact form λ on Q.
In this section, we review the construction of the canonical chain map under
Hamiltonian isotopies introduced in [Oh2] for the Lagrangian Floer homology on
closed or more generally geometrically bounded, not necessarily compact, symplec-
tic manifolds. In this paper, we will restrict our attention to the case of exact
Lagrangian submanifolds.
We first recall the corresponding action functional on the path space of the
pair two exact Lagrangian submanifolds ((L, fL), (L0, fL0)) in an exact symplectic
manifold (M,ω) with ω = dα. Here the functions fL : L → R and fL0 : L → R
are chosen so that dfL = i
∗
Lα and dfL0 = i
∗
L0
α. They are defined up to addition of
constants. Then we consider the functional A : Ω(L0, L)→ R by
A(γ) = −
∫
γ∗α− fL(γ(1)) + fL0(γ(0)). (3.1)
Let J = {Jt}0≤t≤1 be a one-parameter family of compatible almost complex
structures. Equip Ω(L0, L) with the L
2-metric 〈〈·, ·〉〉J defined by
〈〈ξ1, ξ2〉〉J =
∫ 1
0
gJt(ξ1(t), ξ2(t)) dt
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where gJt is the Riemannian metric on M defined by gJt = ω(·, Jt·). A simple
computation shows
gradA(γ) = Jtγ˙ (3.2)
with respect to the compatible metric gJ = ω(·, J ·) and so the negative L2-gradient
equation for A is given by {
∂u
∂τ
+ Jt
∂u
∂t
= 0
u(τ, 0) ∈ L0, u(τ, 1) ∈ L.
(3.3)
The following energy estimate is the crucial element for the analysis of the moduli
space of solutions of this equation.
Proposition 3.1. For any solution of (3.3) with finite energy and bounded image,
u(τ)→ p± ∈ L0 ∩ L as τ → ±∞ we have
Ebω,J(u) = A(p̂−)−A(p̂+) = fL0(p+)− fL(p−)
≤ max
p, p′∈L0∩L
(fL0(p)− fL(p′)) =: C0
In particular if L0 ∩ L is compact, we have uniform upper bound for the energy
independent of such solution u.
We refer to [Si] for the details of the proof of the following monotonicity formula.
Proposition 3.2 (Monotonicity). Consider the (M,L,L0, g(ψ,J)). Then there ex-
ists r0 > 0 depending only on the bounds of the curvature of g(ψ,J), the injectivity
radius, and of the norms of second fundamental forms of L, L0 such that the fol-
lowing holds: Let u : R× [0, 1] ∼= D2 \ {0, 1} →M be a J-holomorphic map
u(±∞) ∈ L0 ∩ L, u(τ, 0) ∈ L0, u(τ, 1) ∈ L1.
Assume u(S) ⊂ B(x, r) for some domain S ⊂ R× [0, 1] with u(∂S \ R× {0, 1}) ⊂
∂B(x, r) and x ∈ u(S). Then there exists C5 > 0 with r0 as above such that
Areag(ψ,J)(u(S)) ≥ C5r2 (3.4)
for any 0 < r ≤ r0.
Using the above energy bound and the monotonicity formula, we immediately
obtain the following C0 bound too. (See [NZ] for such a proof.) For the readers’
convenience, we include its proof.
Corollary 3.3. Suppose Jt ≡ J0, J0 is of λ-contact type. Suppose that L, L0 are
C2-asymptotically conical Lagrangian submanifolds. Then for for any solution with
finite energy and bounded image we have
Imu ⊂M≤R0
where R0 is at least smaller than
RL0∩L +
2C0
C5r0
where RL0∩L is the infimum of R such that L0 ∩ L ⊂M≤R.
Proof. The proof is based on the monotonicity formula. Due to the assumption on
the C2-asymptotic conical condition, the norms of the second fundamental forms
of L, L0 are bounded and so we can apply the monotonicity formula.
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We choose R = R(u) > 0 depending on u such that
Imu ⊂M≤R
for all finite energy solution u of (6.3) with bounded image. Now we want to
estimate the infimum of such R’s.
We fix the constant r0 > 0 appearing in Proposition 3.2 above. Then we can
find at least
R−RL0∩L
2r0
disjoint balls B(x, r0) with x ∈ Imu. Therefore the above
monotonicity formula implies
C5r
2
0 ·
R−RL0∩L
2r0
≤ C0
Therefore we obtain
R ≤ RL0∩L +
2C0
C5r0
which finishes the proof. 
This energy estimate is the starting point of the construction of Floer boundary
map in general.
Remark 3.4. When the Lagrangian submanifolds are conic, not just asymptoti-
cally conic, one can apply also the strong maximum principle to prove a stronger
C0 bound. (See [EHS], [Oh6].) But the strong maximum principle does not apply
to general asymptotically conic Lagrangian submanifolds, though.
Next we consider the isotopy L = {Ls} connecting L0 to L1, and the pseudo-
holomorphic equation with moving boundary condition{
∂u
∂τ
+ Jt
∂u
∂t
= 0
u(τ, 0) ∈ Lχ(τ), u(τ, 1) ∈ L
(3.5)
for a cut-off function χ : R→ [0, 1] given by
χ(τ) =
{
1 for τ ≥ 1
0 for τ ≤ 0. (3.6)
We will fix this cut-off function once and for all and not change it and so this
dependence on χ will be sometimes suppressed in our exposition.
According to the scheme given in [Oh2], the chain map
hL : HF (L0, L)→ HF (L1, L)
is defined by considering the isolated solutions of (3.5). This is called the geometric
version of the Floer equation. Although the construction of the chain map using the
moving Lagrangian boundary is carried out on compact closed (M,ω) in [Oh2], it
also applies to the case of non-compact (M,ω) as long as one can prove the energy
bound and the C0-bound for the solutions of the equation. Unlike the equation
(3.3) proving either bound turns out to be non-trivial due to the moving boundary
condition. The proofs of these two bounds are indeed precisely the main technical
results of the present paper.
Another way of defining the chain map, which is sometimes easier to handle
when obtaining various geometric estimates, is to consider the dynamical version
which uses the fixed boundary condition but with the equation perturbed by the
Hamiltonian vector field. The explanation of this transformation is now in order.
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Suppose the isotopy {Ls} is achieved by the Hamiltonian isotopy φ = {φs}
generated by a s-dependent Hamiltonian functions F1 = F1(s, x) of conic type
for 0 ≤ s ≤ 1. In particular we have L1 = φ1F1(L0). We interpolate F1 and the 0
function via a two-parameter family of conic Hamiltonians F : [0, 1]×[0, 1]×M → R
such that
F (s, 1, x) = F1(s, x), F (s, 0, x) = 0
e.g., we can choose F (s, t, x) = ρ(t)F1(s, x) for a surjective increasing function
ρ : [0, 1]→ [0, 1] such that ρ(0) = 0, ρ(1) = 1 and ρ is constant near t = 0, 1.
Then we denote Ft(s, x) := F (s, t, x) and φ(s, t) the Hamiltonian flow of Ft in
the direction of s, i.e.,
φ(s, t) = φsFt .
We note that the isotopy φ(s, 1) is the original isotopy φs realizing the isotopy {Ls}
from L0 to L1 while φ(0, 1) ≡ id and so it fixes L at t = 0.
We consider the composition map
u˜(s, t) = (φ(s, t))−1 ◦ u(s, t).
One can easily check that u˜ satisfies the perturbed Cauchy-Riemann equation{(
∂eu
∂τ
−XFχ(u˜)
)
+ (φ(χ(τ), t)∗J
(
∂eu
∂t
−XHt(u˜)
)
= 0
u˜(τ, 0) ∈ L0, u˜(τ, 1) ∈ L
(3.7)
where XF s (respectively XHt) is the Hamiltonian vector field generated by Ft in
the direction of s (respectively, F s in the direction of t).
Although we will not emphasize it in this paper it is in general necessary to
consider families of diffeomorphisms, Hamiltonians and almost complex structures
depending on the domain parameter of the pseudo-holomorphic curves. See [AboSe,
Se1] and other papers of Seidel for an extensive systematic treatment of such a
usage. The method of our proofs of energy and C0-bound also applies to this
general situation which we will not mention since we will not use it in this paper.
However this will be needed to prove the continuation invariance in the context of
Fukaya category in general. See section 9 for some discussion on this point.
4. Energy bound
Let {Ls}0≤s≤1 be a Hamiltonian isotopy associated to a Hamiltonian
F1 = F1(s, x) : [0, 1]×M → R
of conic type at the end. If we let RL = max{RLs}, we can choose F1 so that it
becomes conic on R≥RL . By reparameterizing the isotopy Ls near s = 0, 1 so that
it stays constant near there, we may assume that
F1(s, ·) ≡ 0 near s = 0, 1. (4.1)
We would like to note that this adjustment will play some role in our proof of a
priori energy bound later.
We then define their elongations Fχ1 : R× [0, 1]×M → R by reparameterizing s
by s = χ(τ) and setting Fχ1 (τ, t, x) = F1(χ(τ), x). Then we have
F
χ(τ)
1 ≡ 0 for τ ≤ 0 or τ ≥ 1. (4.2)
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Motivated by the discussion in the previous section we extend the Hamiltonian
isotopy φsF1 to a 2-parameter family
φ : [0, 1]× [0, 1]→ Ham(M,ω)
Hamiltonian diffeomorphisms such that
φ(s, 0) ≡ id, φ(s, 1) = φsF1 .
In particular this isotopy at t = 1 moves L0 to L1 in the s-direction and it does not
move L in the s-direction at t = 0.
By a suitable t-reparameterization, we may assume that φ(s, ·) is constant in t
near t = 0, 1 ∈ [0, 1]. We denote the Hamiltonian generating the vector fields by
XF s(s, t, x) =
∂φ
∂s
◦ φ−1, XFt(s, t, x) =
∂φ
∂t
◦ φ−1
respectively. Here we denote
F s(t, x) = F (s, t, x) = Ft(s, x)
depending on the direction of s or t in which we take the Hamiltonian vector fields.
Then the composition
u˜(s, t) = φ(s, t)−1 ◦ u(s, t)
satisfies (3.7).
Similarly we consider a two-parameter family J = {J(s,t)} of λ-contact almost
complex structures J : [0, 1]× [0, 1]→ Jω such that
J(s,t) ≡ J0 for (s, t) ∈ ∂[0, 1]2 (4.3)
and its elongation Jχ = {Jχ(τ),t} : R× [0, 1]→ Jω.
Consider two pairs of Lagrangian submanifolds (L0, L) and (L1, L) for which
L0, L1 and L are either compact or conic at the end. Since other cases are easier to
handle, we will assume that all the pairs are non-compact and conic at the end. We
will always assume that
⋃
s∈[0,1] L ∩ Ls is a compact subset of M . This condition
means that during the isotopy {Ls} from s = 0 and s = 1, there is no intersection
escaping to infinity.
We consider the following function ψ given by
ψ(r) =
{
r for 1 ≤ r ≤ R
r2 + (R−R2) for r ≥ R+ 1 (4.4)
for R = RL and suitably interpolated in between so that 1 ≤ ψ′(r) ≤ 2(RL + 1).
We note that
ψ(r) ≥ r, ψ
′(r)
r
≥ 1
r
, ψ(r) ≤ r2
and so we still have
g(bω,J) ≤ g(ωψ,J) ≤ gquad,J .
Motivated by the discussion in the last section, we now consider a smooth solu-
tion u : R× [0, 1]→ T ∗M of the dynamical version of (1.2),{(
∂u
∂τ
−XFχ(τ)(u)
)
+ Jχ
(
∂u
∂t
−XFt(u)
)
= 0
u(τ, 0) ∈ L, u(τ, 1) ∈ L0.
(4.5)
We emphasize that this equation has a fixed boundary condition.
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Now we consider the symplectic forms ωψ = d(ψ(r)π
∗λ) and denote the associ-
ated family of metrics
g(ψ,Jχ) = {g(ψ,Jχ(τ),t)}(τ,t)∈R×[0,1].
By Proposition 2.6, L, L0 are still Lagrangian with respect to ωψ. We define the
energy of a smooth map u : R× [0, 1]→M by
E(g(ψ,Jχ),Fχ)(u) =
1
2
∫ ∫ (∣∣∣∣∂u∂τ −XFχ(τ)(u)
∣∣∣∣2
g(ψ,Jχ)
+
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣2
g(ψ,Jχ)
)
dt dτ
which is reduced to
E(g(ψ,Jχ),Fχ)(u) =
∫ ∫ ∣∣∣∣∂u∂τ −XFχ(τ)(u)
∣∣∣∣2
g(ψ,Jχ)
dt dτ
=
∫ ∫ ∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣2
g(ψ,Jχ)
dt dτ
for a solution u of (4.5).
To make the most useful statement of the theorem, we introduce a few geometric
invariants of the pair (L0, L).
First due to the assumption that (L0, L) is transverse and L0 ∩ L is compact,
there are a finite number of points in it. We consider the action functional A
associated to the pair ((L0, fL0), (L, fL)) and the differences A(x̂α)−A(x̂β) for all
possible xα, xβ ∈ L0 ∩ L and define the action width
wA(L0, L) = max{|A(x̂α)−A(x̂β)| | xα, xβ ∈ L0 ∩ L }. (4.6)
(In fact this can be written in term of the functions fLα and fLβ by the formula
(3.1). Since this explicit form is not used in this paper, we do not write down the
precise expression for this.)
Next consider a conic function F such that F has the form F (s, t, (r, y)) =
f(s, t, y)r on M≥RL or equivalently
F (s, t, x) = r(x)f(s, t, π(x))
where f is a function defined on [0, 1]2 × Q → R. Here we set RL = ∞ if L is
compact. We define the quantities
ǫin(F,J)(RL) = max
(s,t,x)∈[0,1]2×M≤RL
|dF (s, t, x)|g(ψ,Jt) (4.7)
and
ǫout;0(F,J) = max(s,t,y)∈[0,1]2×Q
{f(s, t, y) | (s, t) ∈ [0, 1]2, y ∈ Q }
ǫout;1(F,J) = max(s,t,y)∈[0,1]2×Q
{|dfs,t|g(y) | (s, t) ∈ [0, 1]2, y ∈ Q }
ǫout(F,J) = ǫ
out;0
(F,J) + ǫ
out;1
(F,J). (4.8)
The latter does not depend on RL but depends only on the asymptotic limit of the
function F of conic type. We then denote
ǫ(F,J) = max{ǫin(F,J)(RL), ǫout(F,J)} (4.9)
From now on, we always assume RL ≥ 3 in this section.
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The following a priori bound is the main theorem in this section. We would like
to emphasize that we cannot apply the maximum principle to obtain an a priori C0-
estimates due to the Hamiltonian perturbation terms XFχ in the equation. Hence
we do not have the energy bound either. We also remark that we do not impose
any sort of monotonicity on F used such as in [FH], [KO1, KO2], [AboSe] which
would facilitate study of the energy and the C0-estimates.
We note that if we assume the intersection set
IntL :=
⋃
s∈[0,1]
L ∩ Ls
is compact, it is easy to see that it must be contained in M≤RL : Otherwise the
conic nature of the triple (M ;L0, L) and the isotopy L would make the intersection
set itself become conic and cannot be compact.
We will prove an energy estimate by comparing the energy Eg(ψ,Jχ),F with the
change of action functional Aψ in terms of the symplectic form ωψ. Since L, L0 are
Lagrangian with respect to ω̂, which are a priori not necessarily Lagrangian with
respect to ωψ, we cannot do this comparison unless we ensure they also become
Lagrangian with respect to ωψ. This is how Proposition 2.6 enters in our energy
estimate and the difference in our treatment of the conic and asymptotically conic
cases arises.
Theorem 4.1. Assume that J and F as above. Then there exists C1 = C1(F, J) >
0 for i = 1, 2 such that every finite energy solution u of (4.5) with
u(−∞) = x̂−, u(∞) = x̂+
for some x± ∈ L0 ∩ L satisfies
E(gχ
ψ
,F )(u) ≤ C1 (4.10)
where C1 is at least smaller than
2
(
3RLǫ
2
(F,J) + wA(L0, L)
)
. (4.11)
Since g(ωψ,J) ≥ g(bω,J), we obviously have
Corollary 4.2. We have the bound
E(g(bω,J),F )(u) ≤ 2(3RL ǫ2(F,J) + wA(L0, L)).
We find that the proof of this energy bound is somewhat curious in that the proof
of the energy estimate is carried out with the metric associated to the symplectic
form
ωψ = d(ψ(r)π
∗λ)
not with the one induced by the symplectization form ω̂. We have not been able
to prove the latter estimate directly using the metric g(bω,J).
Proof of Theorem 4.1. We calculate the variation ofAψ(u(τ)) whereAψ : Ω(L0, L)→
R is the action functional (3.1) with respect to the symplectic form ωψ, i.e.,
Aψ(γ) = −
∫
γ∗(ψ(r)π∗λ)− fL(γ(1)) + fL0(γ(0)).
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Proposition 2.6 implies that L, L0 are still Lagrangian with respect to ωψ and so
we have the gradient of Aψ with respect to the L2-metric 〈〈·, ·〉〉J on Ω(L0, L) given
by
gradJ Aψ(z) = Jz˙. (4.12)
Therefore the negative L2-gradient flow of this functional is again the standard{
∂u
∂τ
+ J ∂u
∂t
= 0
u(τ, 0) ∈ L0, u(τ, 1) ∈ L.
We would like to emphasize that this functional Aψ is the same one for all τ .
We compute
d
dτ
Aψ(u(τ)) = dAψ(u(τ))
(
∂u
∂τ
)
=
∫ 1
0
〈
∂u
∂τ
, Jχ
∂u
∂t
〉
g(ψ,Jχ)
dt
=
∫ 1
0
〈
∂u
∂τ
, Jχ
(
∂u
∂t
−XFt(u)
)〉
g(ψ,Jχ)
dt+
∫ 1
0
〈
∂u
∂τ
, JχXFt(u)
〉
g(ψ,Jχ)
dt
=
∫ 1
0
〈
XFχ(τ)(u)− Jχ
(
∂u
∂t
−XFt(u)
)
, Jχ
(
∂u
∂t
−XFt(u)
)〉
g(ψ,Jχ)
dt
+
∫ 1
0
〈
XFχ(τ)(u)− Jχ
(
∂u
∂t
−XFt(u)
)
, JχXFt(u)
〉
g(ψ,Jχ)
dt
= −
∫ 1
0
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣2
g(ψ,Jχ)
dt+
∫ 1
0
〈XFχ(τ)(u), JχXFt(u)〉g(ψ,Jχ) dt
+
∫ 1
0
〈
XFχ(τ)(u), J
χ
(
∂u
∂t
−XFt(u)
)〉
g(ψ,Jχ)
dt
−
∫ 1
0
〈
Jχ
(
∂u
∂t
−XFt(u)
)
, JχXFt(u)
〉
g(ψ,Jχ)
dt.
In the above derivation, we use the following facts in order:
(1) We use the fact the function Aψ does not explicitly depend on τ for the
first equality,
(2) we use (4.12) for the second equality,
(3) and we use the equation (3.7) for the fourth equality.
Therefore we obtain∫ 1
0
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣2
J
χ(τ)
t
dt = − d
dτ
Aψ(u(τ)) +
∫ 1
0
〈XFχ(τ)(u), JχXFt(u)〉g(ψ,Jχ) dt
+
∫ 1
0
〈
XFχ(τ)(u), J
χ
(
∂u
∂t
−XFt(u)
)〉
g(ψ,Jχ)
dt (4.13)
−
∫ 1
0
〈
Jχ
(
∂u
∂t
−XFt(u)
)
, JχXFt(u)
〉
g(ψ,Jχ)
dt. (4.14)
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Integrating this over τ ∈ R, we obtain∫ ∞
−∞
∫ 1
0
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣2
J
χ(τ)
t
dt dτ (4.15)
= Aψ(x̂α)−Aψ(x̂β) +
∫ ∞
−∞
∫ 1
0
〈XFχ(τ)(u), JχXFt(u)〉g(ψ,Jχ) dt dτ
+
∫ ∞
−∞
∫ 1
0
〈
XFχ(τ)(u), J
χ
(
∂u
∂t
−XFt(u)
)〉
g(ψ,Jχ)
dt dτ (4.16)
−
∫ ∞
−∞
∫ 1
0
〈
Jχ
(
∂u
∂t
−XFt(u)
)
, JχXFt(u)
〉
g(ψ,Jχ)
dt dτ (4.17)
under the assumption
E(gχ
ψ
,F )(u) =
∫ ∞
−∞
∫ 1
0
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣2
J
χ(τ)
t
dt dτ <∞.
It remains to estimate the terms (4.16) and (4.17). Here is the place where the
requirement for F to be conic and the usage of the metric g(ψ,Jχ), especially its
quadratic nature at infinity, play essential roles in our estimate.
First we estimate (4.16). Recall that
Fχ(τ) = 0 if τ ≤ 0 or if τ ≥ 1
from (4.1). Therefore have∫ ∞
−∞
∫ 1
0
〈
XFχ(τ)(u), J
χ
(
∂u
∂t
−XFt(u)
)〉
g(ψ,Jχ)
dt dτ
=
∫ 1
0
∫ 1
0
〈
XFχ(τ)(u), J
χ
(
∂u
∂t
−XFt(u)
)〉
g(ψ,Jχ)
dt dτ.
Hence ∣∣∣∣∣
∫ ∞
−∞
∫ 1
0
〈
XFχ(τ)(u), J
χ
(
∂u
∂t
−XFt(u)
)〉
g(ψ,Jχ)
dt dτ
∣∣∣∣∣
≤
∫ 1
0
∫ 1
0
∣∣∣∣∣
〈
XFχ(τ)(u), J
χ
(
∂u
∂t
−XFt(u)
)〉
g(ψ,Jχ)
∣∣∣∣∣ dt dτ (4.18)
When r(u(τ, t)) ≤ RL, we have∣∣∣∣∣
〈
XFχ(τ)(u), J
χ
(
∂u
∂t
−XFt(u)
)〉
g(ψ,Jχ)
∣∣∣∣∣
≤ |XFχ(τ)(u)|g(ψ,Jχ)
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣
g(ψ,Jχ)
= |dFχ(u)|g(ψ,Jχ)
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣
g(ψ,Jχ)
≤ ǫin(F,J)(RL)
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣
g(ψ,Jχ)
(4.19)
It follows by definition of the compatible metric g(ψ,Jχ) and its dual that
|XF s(x)|g(ψ,Jχ) = |dF s(x)|g(ψ,Jχ) (4.20)
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where the norms are taken in TM and in T ∗M with respect to the metric g(ψ,Jχ)
on TM and its dual metric on T ∗M respectively.
On the other hand when r(u(τ, t)) ≥ RL, the homogeneity of F implies
F (s, t, (r, y)) = f(s, t, y)r
in coordinates (s, t, (r, y)) ∈ [0, 1]2× [RL,∞)×Q for some function f : [0, 1]t×Q→
R.
Lemma 4.3. Let r(x) ≥ 1. Then we have
|dFχ(τ, t, x)|g(ψ,Jχ) ≤
√
RL · ǫout(F,J).
Proof. We have
dFχ = fχ ◦ πdr + rd(fχ ◦ π).
We obtain
|fχ ◦ πdr|g(ψ,Jχ) ≤ |fχ|∞|dr|g(ψ,Jχ) ≤
√
RL · |fχ|∞
|rd(fχ ◦ π)|g(ψ,Jχ) = |rdfχdπ|g(ψ,Jχ) ≤
√
RL · |dfχ|∞ (4.21)
where we use the fact that r ≥ 3 and so ψ(r) ≡ r2 and the derivative of the map
π : {r} ×Q→ {1} ×Q ∼= Q has the norms
|dπ(r, y)|g(ψ,Jχ ) = 1/
√
r, |dr|g(ψ,Jχ) ≡
√
r
on the linear region 1 ≤ r ≤ RL and
|dπ(r, y)|g(ψ,Jχ) = 1, |dr|g(ψ,Jχ ) ≡ 1
on the quadratic region r ≥ RL + 1. See (2.6). This finishes the proof. 
Combining these with (4.19), we obtain∣∣∣∣∣
〈
XFχ(τ)(u), J
χ
(
∂u
∂t
−XFt(u)
)〉
g(ψ,Jχ)
∣∣∣∣∣
≤ max
{
ǫin(F,J)(R0),
√
RL
(
ǫout,0(F,J) + ǫ
out,1
(F,J)
)} ∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣
g(ψ,Jχ)
≤
√
RL · ǫ(F,J)
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣
g(ψ,Jχ)
since RL ≥ 1. Therefore we have∫ 1
0
∫ 1
0
∣∣∣∣∣
〈
XFχ(τ)(u), J
χ
(
∂u
∂t
−XFt(u)
)〉
g(ψ,Jχ)
∣∣∣∣∣ dt dτ
≤
∫ 1
0
∫ 1
0
√
RL ǫ(F,J)
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣
g(ψ,Jχ)
dt dτ
≤
∫ 1
0
∫ 1
0
RL ǫ
2
(F,J) dt dτ +
1
4
∫ 1
0
∫ 1
0
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣2
g(ψ,Jχ)
dt dτ
≤ RL ǫ2(F,J) +
1
4
∫ ∞
−∞
∫ 1
0
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣2
g(ψ,Jχ)
dt dτ. (4.22)
For the second inequality, we used the inequality 2ab ≤ a2 + b2.
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We carry out the similar estimate for the term (4.14) and obtain∫ 1
0
∫ 1
0
∣∣∣∣∣
〈
Jχ
(
∂u
∂t
−XFt(u)
)
, JχXFt(u)
〉
g(ψ,Jχ)
∣∣∣∣∣ dt dτ
≤ RL ǫ2(F,J) +
1
4
∫ ∞
−∞
∫ 1
0
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣2
g(ψ,Jχ)
dt dτ.
This is the reason why we wanted to reduce the integral
∫∞
−∞
(·)dτ to ∫ 1
0
(·) dτ where
the adjustment made for F so that (4.1) holds in the beginning of this section is
essential. Otherwise we would not have been able to obtain this kind of inequality
for the integral
∫∞
−∞
(·) dτ .
On the other hand, we have∣∣∣∣∫ ∞
−∞
∫ 1
0
〈XFχ(τ)(u), JχXFt(u)〉g(ψ,Jχ) dt dτ
∣∣∣∣
=
∣∣∣∣∫ 1
0
∫ 1
0
〈XFχ(τ)(u), JχXFt(u)〉g(ψ,Jχ) dt dτ
∣∣∣∣
≤
(√
RL ǫ(F,J)
)2
= RL ǫ
2
(F,J).
Substituting all these into (4.15), we obtain∫ ∞
−∞
∫ 1
0
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣2
g(ψ,Jχ)
dt dτ
≤ 1
2
∫ ∞
−∞
∫ 1
0
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣2
g(ψ,Jχ)
dt dτ + 3RL ǫ
2
(F,J) +Aψ(x̂α)−Aψ(x̂β)
and hence
E(g(ψ,Jχ),F )(u) ≤ 2(3RL ǫ2(F,J) + wA(L0, L)).
This finishes the proof with a constant C1 which is smaller than at least
2(3RLǫ
2
(F,J) + wA(L0, L)).

Remark 4.4. We like to note that in the above proof the crucial inequalities we
used to obtain the above energy bound are (4.21). The choice of ψ is driven by
our attempt to have these two bounds for the conic Hamiltonians: The quadratic
growth of the metric is the only such choice to obtain the bound independent of r.
5. Pointwise derivative bound
We first prove the following derivative bound.
Theorem 5.1. Let gcl be the metric on M defined by
gcl =
{
gJ on M
≤1 =W
ds2 + gQ on M
≥2
interpolated between them on [1, 2]×Q. There exists a constant C2 > 0 depending
only on C1 and (L,L0;M, ǫ(J,F )) but independent of u’s such that
max
z∈R×[0,1]
|du(z)|gcl ≤ C2 (5.1)
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for all solution u’s of (3.7).
Proof. We first note that we can arrange the interpolation made for the definition
of gcl above so that gcl ≤ g(ψ,J). Therefore
1
2
∫
R×[0,1]
∣∣∣∣∂u∂τ −XFχ(τ)(u)
∣∣∣∣2
gcl
+
∣∣∣∣∂u∂t −XFt(u)
∣∣∣∣2
gcl
= Egcl(u) ≤ E(gχ
ψ
,F )(u) ≤ C1. (5.2)
Suppose to the contrary that there exists sequences of zi = (τi, ti), and ui’s such
that Li := |dui(zi)|gcl ր∞. By choosing a subsequence, we may assume zi → z∞
if the sequence zi = (τi, ti) is bounded, or z∞ → ∞ otherwise. In any case, the
sequence Jzi will converge: it converges to J∞ for the first case and to J0 for the
second case by the definition JK = J
ρK in the beginning of section 4. We denote
either of the limit almost complex structures by J∞.
Applying Lemma 26 [H2], we can choose δi > 0 and rechoose zi so that
δi|du(zi)|gcl →∞, δi → 0,
|du(z)|gcl ≤ 2|du(zi)|gcl if |z − zi| ≤ δi. (5.3)
We will consider two cases separately.
First assume that ui(zi) ∈M≤R for all i for some R > 0.
In this case, we apply the standard rescaling argument
u˜i(z) = ui
(
zi +
z
Li
)
.
Using the conformal invariance of the harmonic energy, we compute
1
2
∫
D2(δiLi)
∣∣∣∣∂u˜i∂τ
∣∣∣∣2
gcl
+
∣∣∣∣∂u˜i∂t
∣∣∣∣2
gcl
dt dτ
=
1
2
∫
Dzi (δi)
∣∣∣∣∂ui∂τ
∣∣∣∣2
gcl
+
∣∣∣∣∂ui∂t
∣∣∣∣2
gcl
dt dτ
≤
∫
Dzi (δi)
∣∣∣∣∂ui∂τ −XFχ(ui)
∣∣∣∣2
gcl
+
∣∣∣∣∂ui∂t −XFt(u)
∣∣∣∣2
gcl
+
∫
Dzi (δi)
|XFχ(ui)|2gcl dt dτ +
∫
Dzi (δi)
|XFt(ui)|2gcl dt dτ
≤
∫
Dzi (δi)
∣∣∣∣∂ui∂τ −XFχ(ui)
∣∣∣∣2
g(ψ,Jχ)
+
∣∣∣∣∂ui∂t −XFt(u)
∣∣∣∣2
g(ψ,Jχ)
+
∫
Dzi (δi)
|XFχ(ui)|2gχ
ψ
dt dτ +
∫
Dzi (δi)
|XFt(ui)|2g(ψ,Jχ) dt dτ
≤ 2C1 + 2RLǫ2(F,J) · πδ2i
for all i’s. We also have the derivative bound
|du˜i(z)|gcl ≤ 2 (5.4)
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for all z ∈ D2(ǫiKi). And we have
max
∣∣∣∣∂ui∂τ + J ∂ui∂t
∣∣∣∣
g(ψ,Jχ)
≤ max
∣∣∣∣∂ui∂τ + J ∂ui∂t
∣∣∣∣
g(ψ,Jχ)
= max |XFχ(ui)|g(ψ,Jχ) +max |XFt(ui)|g(ψ,Jχ)
≤ 2
√
RL · ǫ(F,J).
Therefore we have
max
∣∣∂J u˜i∣∣gcl ≤ 1Li ∣∣∂Jui∣∣gcl ≤ 2
√
RL · ǫ(F,J)
Li
→ 0 (5.5)
uniformly on compact subsets of z’s with |z − zi| ≤ δiLi as i → ∞. Combining
(5.3), (5.5), we derive a subsequence of u˜i so that it converges to a J∞-holomorphic
map
v : C ⊂ C ∪ {∞} ∼= S2 →M
or
v : (H, ∂H) ∼= (D2 \ {1}, ∂D2 \ {1})→ (M,L) or (M,L0)
such that |dv(0)| ≥ 1 and Im v ∩M≤R 6= ∅.
Therefore one of the following alternatives should hold:
(1) Im v is bounded and so v smoothly extends either to S2 or (D2, ∂D2)
(2) Im v is unbounded
The first case is ruled out by the exactness hypothesis on (L,L0;M). For the
second case, due to Im v ∩M≤R 6= ∅ and the are bound
Areagcl(v) ≤ Areag(ψ,J)(v) ≤ lim
i→∞
Eg(ψ,Jχ)(u˜i) + 2RL ǫ
2
(F,J)
≤ 2C1 + 2RL ǫ2(F,J), (5.6)
we can apply the Courant-Lebesgue Lemma to find a sequence of discs D2(Ri) ⊂ C
or D2(Ri) ⊂ H with radi Ri →∞ such that
length(v|∂D2(Ri))→ 0. (5.7)
(See [Oh1] for the case with Lagrangian boundary). Then this combined with the
unboundedness of v and the monotonicity formula implies that the gcl-area of v
must be infinite, which clearly contradicts to the area bound (5.6).
Remark 5.2. In fact, in the current exact context, we can derive a contradiction
immediately from (5.6)-(5.7) as follows: By the finiteness of the area, we have the
identity
Areagcl(v) = lim
i→∞
∫
D2(Ri)
v∗ω
= lim
i→∞
∫
∂D2(Ri)
v∗α ≤ |α|C0 length(v|∂D2(Ri))→ 0.
Here |α|C0 denotes the C0-norm of α. It is bounded since (M, ω̂ = dα) is geomet-
rically bounded. This gives rise to a contradiction since v is non-constant.
We prefer to give the above more general proof since the argument using the
monotonicity together with Courant-Lebesgue lemma, which is based on the un-
boundedness of the image of v, can be applied to non-exact context.
LAGRANGIAN FLOER THEORY: ENERGY AND C0-ESTIMATES 23
Next we consider the case Ri := r(ui(zi))→∞. We split our consideration into
the two cases, one where Ri− (2δiLi+1)→ +∞ and the other where Ri− (2δiLi+
1) ≤ C3 for some C3.
If Ri − (2δiLi + 1)→∞, we have
u˜(D2(δiLi)) = ui(Dzi(δi)) ⊂MRL+1 ∼= [ln(RL + 1),∞)×Q ⊂ R×Q.
Therefore we may regard u˜i as a map from D
2(δiLi) to R×Q. We also have
|du˜i(z)|gcl ≤ 2 (5.8)
for all z ∈ D2(δiLi). Write u˜i = (ai, wi) where ai = s ◦ u˜i and wi = π ◦ u˜i and
consider the translated map
ui(z) = (ai(z)− lnRi, wi).
Since this translation does not change the gradient and energy bound (with respect
to gcl), we still have the same bounds for ui as u˜i.
Again we derive a subsequence of u˜i so that it converges to a J∞-holomorphic
map
v : C ⊂ C ∪ {∞} ∼= S2 → R×Q
or
v : (H, ∂H) ∼= (D2 \ {1}, ∂D2 \ {1})→ (R×Q,R× ∂∞L) or (R×Q,R× ∂∞L0)
such that |dv(0)| ≥ 1 and Im v ∩M≤R 6= ∅, and Egcl(v) ≤ 2C1 + 1. We obtain a
contradiction as before.
Next we consider the case where Ri − 2δiLi + 1 ≤ C3. We set
R1 = max{RL, sup
i
Ri − (2δiLi + 1)}.
Lemma 5.3. Let Mi =
Ri−R1
2 . Then we have
u˜i(D
2(Mi)) ⊂M≥RL ∼= [lnRL,∞)×Q
where the last product is in terms of cylindrical coordinates (s, y).
Proof. As before we estimate s(u˜i(z))− lnRi with Ri = r(u˜i(zi)) on z ∈ D2(Mi)
|s(u˜i(z))− lnRi| ≤ 2Mi = lnRi − lnR1
and hence s(u˜i(z)) ≥ lnR1 for all z ∈ D2(Mi). Since R1 ≥ RL by definition, we
have finished the proof. 
We remark that Mi =
Ri−R1
2 → ∞. Therefore we can now repeat the above
process used for the case Ri− (2δiLi+1)→∞ to the map u˜i restricted on D2(Mi)
and get a contradiction.
Therefore (5.1) should hold. This finishes the proof.

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6. C0 bound
In this section we will use the energy bound and the derivative bound to prove
the a priori C0 bound for a C1-small isotopy. We will quantify the C1-smallness
of F that we need in terms of ǫ(F,J). Let a
∞
F = |f |∞ + |df |∞ for F (r, y) = rf(y) at
the end as before. In particular ǫout(F,J) ≤ a∞F is bounded for any given such F . We
also define
RIntL := inf{R | IntL ⊂M≤R}.
The following is the main C0 bound we prove in this section.
Theorem 6.1. Let (M,ω) be Weinstein and L, L0 be conic with their thresholds
RL, RL0 respectively. Let L = {Ls} be a Hamiltonian isotopy generated by a one-
parameter family of conic Hamiltonians F = {Fs} such that
(1) (L0, L) and (L1, L) are transversal pairs.
(2) IntL = ∪s∈[0,1]L ∩ Ls is compact.
Then there exists a sufficiently small ǫ0 = ǫ0(RL)) > 0 such that for any conic
Hamiltonian F with ǫoutF ≤ ǫ0 we have
Imu ⊂M≤RL . (6.1)
We set C6 = RL.
Proof. We prove this by contradiction. Suppose to the contrary that there exists a
sequence of conic Hamiltonians Fi such that
ǫout(Fi,J) → 0 (6.2)
and a map ui : R× [0, 1]→M satisfying
∂u
∂τ
−XχFi(u) + Jχ
(
∂u
∂t
−XFt(u)
)
= 0 (6.3)
but max(r ◦ ui) > RL. By the energy bound we obtained in (4.10)-(4.11), we have
the energy
E(g(ψ,Jχ),Fi)(ui) ≤ 2wA(L,L0) + 1 =: C4 (6.4)
when i is sufficiently large so that 6RLǫ
2
(Fi,J)
≤ 1. We emphasize that C4 is inde-
pendent of i’s.
Since Fχi ≡ 0 for τ ≥ 1 or for τ ≤ 0, ui satisfies the genuine Cauchy-Riemann
equation
∂u
∂τ
+ Jχ
∂u
∂t
= 0
on [1,∞)× [0, 1]∪ (−∞, 0]× [0, 1]. Therefore by the maximum principle and strong
maximum principle, the maximum must be achieved at some zi = (τi, ti) with
0 ≤ τi ≤ 1 whenever Imu 6⊂M≤RL . We also note that [0, 1]× [0, 1] is compact and
Fχi → 0.
We first prove that r(u(zi)) is bounded. If not, by choosing a subsequence, we
assume that (τi, ti) → (τ∞, t∞) as i → ∞. Then we have (τ∞, t∞) ∈ [0, 1]× [0, 1].
We note that [0, 1]× [0, 1] is compact and so (6.3) converges to the Cauchy-Riemann
equation.
We consider the restriction
ui : [−1, 2]× [0, 1]→M.
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By the derivative bound |dui| ≤ C2 and the assumption Ri := r(ui(zi)) → ∞, it
follows that we have
ui([−1, 2]× [0, 1]) ⊂MRi−C5≤r≤Ri+C5 ⊂ [Ri − C5,∞)×Q ⊂ R×Q
for some constant C5 independent of i’s. Then since ui is J-holomorphic outside
[0, 1]× [0, 1] and have the derivative bound,
ui : u
−1
i
(
M≤Ri−C5
)→M≤Ri−C5
defines a proper J0-holomorphic curve. We note that Σi := u
−1
i
(
M≤Ri−C5
)
has
boundary components consisting of 3 types
∂Σi = (∂Σi ∩ R× {0})
⋃
(∂Σi ∩R× {1})⋃
∂(Σi ∩ u−1i (MRi−C5)).
Using the bounded geometry of (M,L,L0) and u(±∞) ∈ M≤max{RL,RL0}, we can
apply the monotonicity formula (see Proposition 4.3.1 [Si] for the precise formula-
tion of the required monotonicity formula) to conclude Area(ui(u
−1
i (M
≤Ri−C5)))
must be infinite, which contradicts to the above area bound. This finishes the proof
of boundedness of the image.
Knowing the boundedness of the image, we choose a sufficiently large R3 > 0
such that
Imu ⊂M≤R3
for all finite energy solution u of (6.3) with bounded image.
Let δ > 0 and suppose that r(ui(zi)) > RL + δ for all i with zi(τi, ti) ∈ [0, 1]×
[0, 1] Since the images of u’s all lie in a common compact subset M≤R3 , and since
[0, 1]× [0, 1] ⊂ R× [0, 1] is a compact subset, we can use the energy bound and apply
Gromov-Floer compactness theorem to the sequence ui to extract a J0-holomorphic
curve u satisfying
u(±∞) ∈ L ∩ L0, r(u(τ0, t0)) ≥ RL + δ (τ0, t0) ∈ [0, 1]× [0, 1]
as i→∞. Here the second condition comes from the hypothesis r(u(zi)) ≥ RL+ δ.
However onM≥RL , both L and L0 are conic and hence we can apply the maximum
principle and strong maximum principle to derive that the latter is impossible since
u(±∞) ∈M≤RIntL ⊂M≤RL . This proves
Imu ⊂M≤RL+δ.
Since δ is arbitrary, we have finished the proof. 
Remark 6.2. If we allow the constant C6 to depend on the second order behavior
of L, L0, i.e., on the norms of the second fundamental forms of L, L0 and combine
the monotonicity formula, Proposition 3.2, we can slightly improve the above C0-
estimate as follows.
We fix the constant r0 > 0 appearing in Proposition 3.2. Then we can find at
least R3−RIntL2r0 disjoint balls B(x, r0) with x ∈ Imu. Therefore the above mono-
tonicity formula implies
C5r
2
0 ·
R3 −RIntL
2r0
≤ C4
i.e., we obtain
R3 ≤ RIntL + 2C4
C5r0
. (6.5)
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Therefore we can take C6 to be
min
{
RIntL +
2C4
C5r0
, RL
}
.
7. Wrap-up of construction of the chain map
Now we go back to the equation (1.2). Take a partition
P : 0 = s0 < s1 < · · · < sK = 1
and denote δ = meshP . It follows that if δ is sufficiently small we can connect Lsk
to Lsk+1 by the Hamiltonian isotopy generated by a conic Hamiltonian Fk such
ǫ(Fk,φ∗FkJ)
is sufficiently small so that we have the a priori C0 bound: The equation (1.2) is
transferred (3.7) with F = Fk and J = φ
∗
Fk
J . By letting the partition finer, we can
apply the energy and C0 bound for the family (F, J) = (Fk, φ
∗
Fk
J) and hence give
rise to the chain map hFk : CF (Lsk , L)→ CF (Lsk+1 , L), whenever the partition P
is chosen so that (Lsk , L) and (Lsk+1 , L) are Floer regular in the sense that all the
relevant moduli spaces are Fredholm regular.
In fact, Theorem 4.6 [Oh7] states that for the Hamiltonian isotopy generated
by a generic F so that there exists a partition P so that the sub-homotopies from
sk to sk+1 for all k = 0, · · · ,K − 1 are all Floer regular so that the chain map
hFk : CF (Lsk , L) → CF (Lsk+1 , L) can be constructed by considering the Floer
chain map equation associated to the sub-homotopies {Fs}sk≤s≤sk+1 . This allows
us to use the sub-homotopy of φsF for sk ≤ s ≤ sk+1 for the given Hamiltonian
isotopy. While the construction explicitly depends on the choice of J , the argument
used in [Oh4] proves that this map, including filtrations, is independent of the choice
of J , and so we drop J-dependence from this homomorphism.
We then take the adiabatic chain map
hL;P := hFK ◦ hFK−1 ◦ · · · ◦ hF0 : CF (L0, L)→ CF (L1, L)
and take its homology. By a simple adiabatic argument employed in [MO], one
can prove that this chain map does not depend on the choice of the partition P as
long as meshP is sufficiently small, and hence depends only on the given isotopy
L = {Ls}. This shows that the chain map is canonical and depends only on the
isotopy L (or more precisely on the Hamiltonian F generating it).
8. The case of asymptotically conic Lagrangian submanifolds
In this section, we explain how we can modify our construction to accommodate
C2-asymptotically conic Lagrangian submanifolds.
8.1. Approximation by conic Lagrangian submanifolds. We first give a de-
scription of an asymptotically conic Lagrangian submanifold in terms of its asymp-
tototic boundary N = ∂∞L. Let RL be any constant given in Definition 2.7 and
N = ∂∞L. By Darboux theorem, there is neighborhood U of N in Q and V of the
zero section oN of the one-jet bundle J
1(N) such that we have a contactomorphism
Ψ : U ⊂ Q→ V ⊂ J1(N)
such that λ = Ψ∗(θ − dz) where θ = pdq is the Liouville one form on T ∗N (see
Appendix [Ar]) and restricts to the identity on N via the identification N ∼= oN .
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Under this isomorphism, the Lagrangian submanifold [RL,∞)×N corresponds to
[RL,∞)× {0} × oN ⊂ [RL,∞)× R× T ∗N .
By the C1 uniform convergence of L(R) to N = ∂∞L, we can write L∩[RL,∞)×
Q
{(r, z, q, p) | p = α(r, q), z = h(r, q), q ∈ N, r ∈ [RL,∞)}. (8.1)
Proposition 8.1. The subset (8.1) is Lagrangian in R+ × R × T ∗N with respect
to the symplectic form
d(r(pdq − dz)) = dr ∧ (pdq − dz)− r(dq ∧ dp)
if and only if α and h satisfies
α(r, q) =
1
r
(∫ r
RL
dNh(a, q) da+ β(q)
)
(8.2)
where β is a closed one form on N .
Proof. The symplectic form ω = d(rπ∗λ) is given by
d(rπ∗(pdq − dz)) = dr ∧ π∗(pdq − dz) + rd(π∗(pdq − dz)).
Therefore we have
i∗L(d(rπ
∗(pdq − dz))) = dr ∧ α− dNh+ rdr ∧ ∂α
∂r
− rdNα ∧ dq
= dr ∧
(
α+ r
∂α
∂r
− dNh
)
− rdNα ∧ dq.
Hence i∗L(d(rπ
∗(pdq − dz))) = 0 if and only if
α+ r
∂α
∂r
− dNh = 0, dNα ∧ dq = 0.
The second equation implies that dNα = 0, i.e., α is a r-family of closed one-forms
on N . On the other hand we can write the first equation as
∂(rα)
∂r
= dNh.
By integrating the equation over r, we obtain
rα(r, q) =
∫ r
RL
dNh(a, q) da+ β(q)
where β is a closed one-form on N . Therefore we obtain
α(r, q) =
1
r
(∫ r
RL
dNh(a, q) da+ β(q)
)
.
This finishes the proof. 
8.2. Canonical adiabatic homomorphism. Assume that L is C2-asymptotically
conic. We note
m−1γ (L ∩M≥γRL) = {(r, z, q, p) | p = m∗γα, z = m∗γh, q ∈ N, r ∈ [RL,∞)}.
Therefore the C2-asymptotic conic condition becomes
lim
γ→∞
m∗γα = 0 = lim
γ→∞
m∗γh
on [RL,∞)×N uniformly in C2-topology.
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Now we fix a monotonically decreasing cut-off function ρ : [1,∞) → [0, 1] such
that ρ(r) ≡ 1 for r ∈ [1, RL] and ρ(r) ≡ 0 for r ≥ RL + 1. Then we define a
two-parameter family of functions ρR,K : [1,∞)→ [0, 1] given by
ρR,K(r) = ρ
(
r −R
K
)
for all R ≥ 0 and K ≥ 1. Then we define a two-parameter family of Lagrangian
submanifolds defined by the pair (αR,K , hR,K) where
hR,K(r, q) = ρR,K(r)h(r, q),
αR,K =
1
r
(∫ r
RL
dNρR,K(r)h(a, ·) da + β
)
.
The following is easy to see whose proof we leave to the readers.
Proposition 8.2. Let R ≥ 0. Then LR,K is a conic Lagrangian submanifold with
its threshold given by RL +R+K and converges to L in C
∞-topology as R→∞.
Note that under this approximation, the intersection set
IntL =
⋃
s∈[0,1]
L ∩ Ls
is unchanged and all the norms of second fundamental forms of the family LR,K are
uniformly bounded over R, K by the C2- asymptotically conic property of L, L0’s.
From now on, we will fix K = 1 and vary R only. For any given pair R′ > R, we
consider the isotopy
Lρ = {Ls}s∈[0,1], Ls = L(1−s)R+sR′,1
where ρ is the cut-off function used in the definition of the family LR,1. Then the
following lemma can be proved by the argument from [Oh3, Oh7].
Lemma 8.3. For a generic choice of ρ, there exists a dense subset Iρ ⊂ [0, 1]
such that 0, 1 ∈ Iρ and for any given pair (s, s′) ∈ Iρ the subhomotopy L|[s,s′] is
Floer-regular in the sense that the Floer chain map hss′ = hLL|[s,s′] : CF (Ls, L)→
CF (Ls′ , L) can be defined.
We fix such a ρ and define the isotopy Lρ. Then we choose a partition
P ρ : 0 = s0 < s1 < · · · < sN = 1
so that meshP is so small that the corresponding ǫ0 satisfies Theorem 6.1, and
construct the corresponding chain map hss′ : CF (Ls, L)→ CF (Ls′ , L).
The following proposition proves that the Floer cohomology HF (L0, L) can be
described as the inverse limit of HF (L0,R, LR) as R→∞. This easy to prove from
our discussions whose proof we omit noting that the family {(L0,R, LR)} can be
made into a monotone family so that the corresponding chain map can be easily
constructed by applying the maximum principle. We omit its proof and refer readers
to [KO1] for the details of the proof employed in a similar context of approximations
of the conormals of open sets.
Proposition 8.4. Denote by ιRR′ : CF (L0,R′ , L
′
R)→ CF (L0,R, LR) be the canon-
ical map obtained from the identification LR ∩ L0,R = LR′ ∩ L0,R′ . Then
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(1) ιRR′ is a chain map for any R
′ > R which respects the diagram
CF (L0,R′ , LR′) ιRR′
//
∂R′

CF (L0,R, LR)
∂R

CF (L0,R′ , LR′) ιRR′
// CF (L0,R, LR)
(8.3)
and hence {ιRR′ : CF (L0,R′ , LR′) → CF (L0,R, LR)} defines an inverse
system of chain maps.
(2) There exists a canonical homomorphism
(ιR)∗ : CF (L0, L)→ CF (L0,R, LR)
such that the following diagram
HF (L0,R′ , LR′)
(ιRR′)∗ // HF (L0,R, LR)
HF (L0, L)
(ιR′)∗
hhPPPPPPPPPPPP (ιR)∗
77nnnnnnnnnnnn
commutes.
(3) The above chain map (ιR)∗ induces an isomorphism in homology.
Once we have established this description of HF (L0, L) for any asymptotically
conic pair (L0, L), we can define the natural isomorphism
hL : HF (L0, L)→ HF (L1, L); L = {Ls}s∈[0,1]
as the inverse limit of the homomorphisms
hLR : HF (L0,R, LR)→ HF (L1,R, LR)
as R→∞: One can easily prove the natural adiabatic chain map
hLR : CF (L0,R, LR)→ CF (L1,R, LR)
is a chain isomorphism. Therefore the inverse limit
lim
←−
hLR
is an isomorphism. Then composition map
(lim
←−
(ι1,R)∗) ◦ (lim
←−
hLR) ◦ (lim
←−
(ι0,R)∗)
−1 : HF (L0, L)→ HF (L1, L)
becomes an isomorphism. We denote this isomorphism by hL. We would like to
point out that we do not have the relevant chain map CF (L0, L)→ CF (L1, L) in
which sense the current situation is similar to that of [KO1, KO2].
9. Discussions of the non-exact case and the A∞ chain map case
For the non-exact (M,ω) with cylindrical ends, usual consideration of bubbling
spheres or discs should be taken into consideration and hence requires the whole
consideration of A∞ structures to do the Lagrangian Floer theory as performed in
[FOOO1].
The only thing we have to make sure beside this machinery before carrying out
the Floer theory is to obtain the a priori energy and C0 bounds. It turns out that
we can prove the following energy bound by combining the idea of the proof in this
paper with the ones in [Oh5], [AboSe].
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Theorem 9.1. Let (M,ω) be a symplectic manifold convex at infinity. Assume that
J is of contact type and F is conic at end. Consider a pair of anchored Lagrangian
submanifolds (L,L0) in the sense of [FOOO2] such that L, L0 are either compact
or have conic ends or their mixture. Fix a homotopy class A ∈ π2(p−, p+;L0, L;M)
for p± ∈ L ∩ L0. Let L = {Ls} be a Hamiltonian isotopy generated by F = {Fs}
such that
(1) (L0, L) and (L1, L) are transversal pairs.
(2) ∪s∈[0,1]L ∩ Ls is compact.
Then there exists a constant C6 for i = 1, 2 such that every finite energy solution
u of (4.5) with
u(−∞) = p−, u(∞) = p+, [u] = A,
satisfies
Eg(ψ,J)(u) ≤ C6 (9.1)
where C6 depends only on A and (F, J) but independent of u.
In fact the scheme of our proof of the energy bound (4.10) does not require the
isotopy L to be Hamiltonian but only to be a symplectic isotopy. In other words,
the Hamiltonian vector field XF in the perturbed Cauchy-Riemann equation (3.7)
by any symplectic (or locally Hamiltonian) vector fields.
Once we have established this energy estimate, essentially the same proof of
C0-bound applies to the general symplectic manifolds convex at infinity.
Taking this process for granted, which is reasonable to accept, the rest of the
Floer theory will be a straightforward repetition of those carried out in [FOOO1]
for the current case of chain maps in homology, and in [Se2] for the setting of A∞
maps. The outcome will be the analog to the theory developed in [FOOO1] for
unwrapped Fukaya category generated by the compact and (asymptotically) conic
Lagrangian submanifolds, not necessarily exact, on symplectic manifolds Weinstein
at infinity.
We will come back to this generalization elsewhere.
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